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We suggested the multi-phase phase-field model of Fe­Cr system with consideration of not only ¡-¡A but also · phase. In the prior phase-
field study, one assumes the specific mechanism of phase separation, i.e., spinodal decomposition or nucleation and growth. On the other hand,
our phase-field model can concurrently consider spinodal decomposition or nucleation/growth without any assumptions. With developed phase-
field model of Fe­Cr system, we modelled three types of two-phase structures: ¡-¡A, ¡-·, ¡A-· and single-phase · region at T = 700K and
1000K. [doi:10.2320/matertrans.MT-MB2022007]

(Received March 30, 2022; Accepted July 1, 2022; Published September 25, 2022)

Keywords: microstructure evolution, phase-field, spinodal decomposition, nucleation and growth

1. Introduction

In various industry fields, the Fe­Cr alloy is widely used
for structural materials due to its excellent corrosion
resistance and high-temperature strength.1­4) However, the
phase separation can disrupt the integrity of structural
material since it leads the embrittlement in Fe­Cr sys-
tem.1­6) Therefore, it is important to investigate the phase
separation caused by the spinodal decomposition and the
nucleation mechanisms in the Fe­Cr system.

In the Fe­Cr system, it coexists many different phases (¡,
¡A, and ·) depending on the initial temperature and the initial
Cr concentration.2­15) Especially, the ¡A phase is well-known
to cause the phenomenon that hardening/embrittlement in the
ferritic steel,1­7,10) and the · phase make the steel susceptible
to localized corrosion.12­15) Also, the misfit between ¡ and
¡A phases, which has body centered cubic (BCC) structure,
is not significant due to the small lattice mismatch between
Fe and Cr atoms, but the difference in crystal structure
between ¡ and · phases affect the behavior of microstructural
evolution.5) Therefore, the comprehensive model considering
both phase characteristics and crystal structure is necessary to
understand the overall Fe­Cr system.

The ¡A phase precipitation causes the embrittlement at less
than 800K in the Fe­Cr system.2­11) Also, in the range from
800K to 1100K, the · phase precipitation causes embrittle-
ment.11­15) To investigate the embrittlement phenomena, prior
studies performed phase-field modeling assuming mecha-
nisms such as spinodal decomposition or nucleation.6,15­19)

However, it is not enough to describe the phase separation
initiation for · phase, ¡ and ¡A phases.

In this study, we developed the phase field model that
determines the phase separation of ¡, ¡A, and · phases
without assuming specific phase decomposition mechanisms.
Unlike prior studies, our phase field model determines
whether the spinodal decomposition or the nucleation occurs
based on only initial Cr concentration and temperature.

To improve the computational efficiency and the numerical
stability, we apply the acceleration methods of graphics

processing unit (GPU) parallelization16,20) and the semi-
implicit Fourier spectral.21­23)

2. CALPHAD Combined Phase-Field Method

2.1 Phase field model for multicomponent and multi-
phase system

To investigate the microstructural evolution in Fe­Cr
system, we conduct the calculation of phase diagram
(CALPHAD) based phase-field modeling. The governing
equations are Cahn-Hilliard equation24,25) and Allen-Cahn
equation:26)
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where c(r, t) is the Cr concentration, Vm is the molar volume,
©(r, t) is the structural parameter, and L is the kinetic
coefficient of ©(r, t). The ¤F

¤c and the ¤F
¤©

are functional
derivatives of the Cr concentration (c(r, t)) and the structural
parameter (©(r, t)). The MFeCr is the mobility given by
Darken’s equation:16,27,28)

MFeCr ¼
1

Vm
½cMFe þ ð1� cÞMCr�cð1� cÞ ð3Þ

where MFe and MCr are atomic mobility of the Fe and Cr
atoms, it can calculate through Einstein’s relation MA =
DA/RT. DA is the diffusion coefficient of A atom, R is the
gas constant and T is the absolute temperature, and DFe and
DCr given by18)

DFe ¼ 1:0� 10�4 exp � 294 ðkJ=molÞ
RT
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DCr ¼ 2:0� 10�5 exp � 308 ðkJ=molÞ
RT
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The total free energy of Fe­Cr system can be expressed
as16,29)
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where h(©) is a polynomial function h(©) = ©3(6©2 ¹ 15© +
10), W is the height of the double well potential, ¬c and ¬©
are the gradient energy coefficient of c(r, t) and ©(r, t),
respectively. If the structural order parameter (©) becomes 0,
then the polynomial function for diffused interface (h(©))
becomes 0, so the contribution of the free energy for the
sigma phase to the bulk driving force becomes 0. On the
other hand, if the structural order parameter (©) becomes 1,
the free energy for sigma phase is dominant the bulk driving
force. We considered the regular solution model and the
two sublattice model to calculate the molar free energies
of BCC phase ( f BCC(c)) and sigma phase ( f ·(c)) in Fe­Cr
binary system.14,17,30)

fBCCðcÞ ¼ ð1� cÞG0
Fe þ cG0

Cr þ LFeCrcð1� cÞ
þ RT ðc ln cþ ð1� cÞ lnð1� cÞ ð7Þ

f·ðcÞ ¼ yFeG
0;·
Fe þ yCrG

0;·
Cr þGideal

FeCr þGExcess
FeCr ð8Þ

where yFe and yCr are the lattice fraction of Fe and Cr
component, G0;·

Fe and G0;·
Cr are the free energies when only

one pure element is included, G0
Fe and G0

Cr are the molar free
energies for pure elemental Fe and Cr, respectively. The LFeCr
is the interaction parameter between Fe and Cr atoms, Gideal

FeCr

and GExcess
FeCr are the free energies for ideal mixing and excess

terms, respectively.

2.2 Governing equation applied semi-implicit Fourier
spectral method

To improve the numerical stability, we applied semi-
implicit Fourier spectral method to Cahn Hilliard equation in
eq. (1) and Allen Cahn equation in eq. (2), then rearranged
eq. (1) and (2) as21,22)
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The eq. (9) and eq. (10) are approximated using the semi-implicit Fourier spectral method as follows:
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where k = (k1, k2) is the reciprocal vector in the Fourier
space. The ~cnðk; tÞ and the ~©nðk; tÞ are the Fourier transforms
of c(r, t) and ©(r, t). The Sc is the hypothetical mobility
parameter defined as Sc ¼ 1

2
½maxðMFeCrÞ þminðMFeCrÞ�

where the max(MFeCr) and the min(MFeCr) are maximum
and minimum values of MFeCr.21)

2.3 Computational details
We used dimensionless values to simulate the behavior

of precipitation in Fe­Cr system. The normalized values
are r+ = r/l, r+ = @/@(r/l), t+ = tD/l2, M+ = RT+MFeCr/D,
fBCC� ðcÞ ¼ fBCCðcÞ=RT �, f·� ðcÞ ¼ f·ðcÞ=RT �, and ¬�c ¼
¬=ðRT �l2Þ with D = DCr, T+ = 900K, and l = 2.856¡.
The kinetic coefficient L = 1, the height of the double well
potential W = 1, the gradient energy coefficients are ¬c ¼
1
6
l2LFeCr and ¬© = 1. The initial fluctuation for Cr

concentration is range of ¹0.005³0.005. The time step

was ¦t+ = 0.001 and the simulation cell size was
1024¦x+ © 1024¦y+ (292.45 nm © 292.45 nm), wherein the
¦x+ = 1.0.

To improve the computational efficiency, we applied
parallelization technique using compute unified device
architecture (CUDA) to conduct the Fourier transform
process and calculation of free energies.16,20,31)

In the Fig. 1 that phase diagram of Fe­Cr system using
FactSage thermochemical software,32) there are various
phases existing with ¡, ¡A, and · phases as the composition
and the temperature.

When conducting the phase-field simulation, we seeded
the structure parameter (©) in a spherical shape with a radius
of 5¦x+, and the number of seeds was 100. Especially, the
initial state of © is the same in all cases. It means that
we performed phase-field modeling by changing only the
temperature and the initial Cr concentration.
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3. Simulation Results and Discussion

We observed the behavior of microstructural evolution for
¡, ¡A and sigma phases at 700K and 1000K. To investigate
the phase separation behavior of Fe­Cr system, we performed
five sets of simulations shown in Table 1.

3.1 The phase separation behaviors in Fe­Cr system at
700K

As shown in Fig. 2, when average Cr concentration was
40 at%, the phase separation occurred through spinodal
decomposition mechanism. Also, during the phase separa-
tion, the average ¡A precipitate size increased due to the
coarsening kinetics. Moreover, the Cr concentration of
precipitate phase and matrix phase were around 90 at% and
10 at%, which are almost same to equilibrium concentration
in phase diagram of Fe­Cr system at 700K.

The maximum value for structural parameter (©) is 1 at
initial state. However, it is decreased over time and becomes
zero around t+ = 7.5 © 103 in Fig. 3. Therefore, only free
energy for BCC phases affects the total free energy in cases
(C1) and (C2), and only ¡ and ¡A phases exist at 700K due
to they are stable in Fig. 1.

When average Cr concentration is 55 at%, the average ¡A
precipitate size increase over time. It is same to when Cr
concentration is 40 at%. However, we observed that more

interconnected microstructure for ¡A precipitate when Cr
concentration is 55 at% in Fig. 4.

We observed the microstructure morphological variation
through the spinodal decomposition and subsequent coarsen-
ing, it is consistent with formal studies.15­17)

3.2 The phase separation behaviors in Fe­Cr system at
1000K

According to Fig. 1, the Fe­Cr system has two phases at
1000K, the phases in the area (C3) separated into the · phase
and ¡ phase. Likewise, the phases in the area (C5) separated
into the · phase and ¡A phase. Our phase field modeling
results in Fig. 5 are consistent with phase diagram of Fe­Cr
system.

At 1000K, the sum of structural parameter increases as
shown in Fig. 6. Also, the © more interconnected over time,

Fig. 1 The phase diagram of Fe­Cr system using FactSage thermochemical software where temperature range of 500K to 1500K.

Table 1 Five sets of simulation for various composition, existing phases,
and system temperature.

Fig. 2 When Cr concentration was 40 at%, the morphological variation
for precipitate over time at 700K: (a) t+ = 1.0 © 104, (b) t+ = 1.0 © 105,
(c) t+ = 5.0 © 105, (d) t+ = 1.0 © 106.
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and the Cr concentration field follows the structural
parameter.

When average Cr concentration is 55 at%, the Cr
concentration separate into 45 at% and 70 at% at t+ =
1.0 © 106 as shown in Fig. 7. Also, the Cr concentration is
70 at% when the structural parameter is zero, and the Cr
concentration is 45 at% when structural parameter is 1.

In Fig. 1, when the average Cr concentration is 45 at%,
there is a sigma single phase at 1000K. Our modeling result
that the phase separation does not occur when the average
Cr concentration is 45 at% (C4), is consistent with the phase
diagram in the Fe­Cr system.

Our simulation results that equilibrium concentration (ceq),
volume fraction using phase-field simulation (VPFM

f ),
theoretical volume fraction using equilibrium concentration
(Vceq

f ), and percentage error ðjðVPFM
f � Vceq

f Þ=Vceq

f jÞ are shown

in Table 2. Due to it reaching the equilibrium state, there
is a difference between VPFM

f and Vceq

f , and the jðVPFM
f �

Vceq

f Þ=Vceq

f j is less than 5%.
As shown in Fig. 8, there is a range of Cr concentration

where the molar free energy of · phase is lower than the free
energy of ¡ and ¡A phases at 1000K. Therefore, depending on
the initial Cr concentration, the precipitation for sigma phase
can occur, and our simulation results are consistent with these
thermodynamic results.

4. Conclusion and Future Work

In the Fe­Cr system, we conducted the phase-field
modeling that comprehensively considered spinodal decom-
position and nucleation without prior assumption for the
phase separation mechanism. We observed the four cases of
microstructure of ¡ and ¡A phases, ¡ and · phases, · single

Fig. 3 The variation for structural parameter (©) over time when Cr
concentration was 40 at% at 700K: (a) t+ = 0, (b) t+ = 2.5 © 103,
(c) t+ = 5.0 © 103, (d) t+ = 7.5 © 103.

Fig. 4 When Cr concentration was 55 at%, the morphological variation
for precipitate over time at 700K: (a) t+ = 1.0 © 104, (b) t+ = 1.0 © 105,
(c) t+ = 5.0 © 105, (d) t+ = 1.0 © 106.

Fig. 5 When Cr concentration was 40 at%, the morphological variation for
precipitate over time: (a) t+ = 1.0 © 104, (b) t+ = 1.0 © 105, (c) t+ =
5.0 © 105, (d) t+ = 1.0 © 106.

Fig. 6 The variation for structural parameter (©) over time when Cr
concentration was 40 at% at 1000K: (a) t+ = 1.0 © 104, (b) t+ = 1.0 ©
105, (c) t+ = 5.0 © 105, (d) t+ = 1.0 © 106.
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phase, and ¡A and · phases based on thermodynamically
determined Cr composition and temperature. The micro-
structure characteristics were evaluated using our phase-field
model, and it was consistent with the phase diagram of Fe­
Cr. However, in this study, we didn’t consider the precipitates

size and the microstructural evolution kinetics for the sigma
phase. Also, elastic effect due to the lattice mismatch between
the three phases (¡, ¡A and ·) cannot be ignored. So, the
thermodynamic properties of the sigma phase and the elastic
effect between the phases will be studied in the future.
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